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Abstract

Many-beam dynamical diffraction phenomena in
channelling patterns using a scanning electron micro-
scope have been studied in general with emphasis on
effects due to non-systematic interactions in centro-
symmetric crystals. As few beams as possible for a
qualitative agreement between theory and experiment
have been used, and the results are compared with
effects observed using other diffraction techniques.
The extensive intensity anomalies frequently
observed near line intersections are explained
through three-beam calculations. A channelling line
is found to appear with enhanced or diminished con-
trast depending on the sign of the excitation error of
the coupled beam and the value of the invariant phase
sum of the three structure factors involved. The
effects are easily identified in the patterns and are
well suited for experimental determinations of phase
invariants. This information may then profitably be
utilized in structure studies in combination with
results from other diffraction methods. Enhanced line
segments from neighbouring intersections are found
to combine to envelopes or inverted envelopes
depending on the phase combination. The effects
observed may be interpreted within two-beam ter-
minology by means of effective structure factors and
effective many-beam gap widths at the dispersion
surface. Analytical expressions which illustrate this
point are given.

Introdaction

Selected area channelling patterns (SACP) may be
observed in most scanning and transmission electron
microscopes when the back-scattered electron
intensity is registered as a function of the incident-
beam direction. These patterns, which are a result of
anomalous absorption effects in the specimen, were
first discussed by Coates (1967), and the technique
is at present well established experimentally (e.g.
Booker & Humphreys, 1975). To interpret the
observed effects several theoretical models have been
suggested (Vicario, Pitaval & Fontaine, 1970; Reimer,
Badde, Seidel & Biihring, 1971; Spencer, Humphreys
& Hirsch, 1972; Yamamoto, Mori & Ishida, 1978;
Spencer & Humphreys, 1980). So far these descrip-
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tions have adequately described the observed patterns
on a qualitative or semi-quantitative level.

The channelling patterns have a wide range of uses
especially in metallurgy and more recently also in
geology. They may be utilized for lattice-parameter
determination and in investigations of crystal orienta-
tion, texture and various types of deformations (e.g.
Stickler, Hughes & Booker, 1971; Booker & Hum-
phreys, 1975; Lloyd, Hall, Cockayne & Jones, 1981).

In addition to these applications the channelling
patterns have a large potential for giving more
detailed structure information. The possibilities are
point-group and space-group determinations, and
also determination of the invariant sum of the struc-
ture factor phases involved in three-beam inter-
actions. Such applications have recently been investi-
gated by Marthinsen (1986) and some preliminary
results have been given by Marthinsen & Hgier
(1984).

As arule all the diffraction effects utilized to obtain
this structure information are dependent on a detailed
understanding of non-systematic many-beam inter-
actions, and such effects are hardly discussed in the
literature for the channelling case. Only a brief com-
ment has been given by Vicario, Pitaval & Fontaine
(1970) while most papers concern effects due to sys-
tematic many-beam interactions (e.g. Booker & Hum-
phreys, 1975; Farrow & Joy, 1980).

In another diffraction technique, i.e. the Kikuchi
line case, the interpretation of non-systematic effects
is well established (Kambe, 1957; Gjgnnes & Hgier,
1969, 1971; Hgier, 1973). It is a question, however,
whether these interpretations may be applied in the
more complicated channelling case as well. To
investigate this possibility and to increase the general
use of channelling patterns in structure studies we
have studied many-beam phenomena in channelling
patterns in general with emphasis on the non-system-
atic diffraction effects. The present work concerns
effects observed in centrosymmetric crystals. As
experimentally determined three-phase invariants
may profitably be utilized in combination with infor-
mation from other structure determination methods,
the dependence of three-beam diffraction effects on
this invariant phase sum of the structure factors
involved is especially investigated.

© 1986 International Union of Crystallography



K. MARTHINSEN AND R. HZIER

Experimental

Selected area channelling patterns (SACP) have been
obtained in a JSM-840 scanning electron microscope.
A 40kV diagram from Si is shown in Fig. 1 where
the dominant lines belong to the [111] zone. Although

such patterns resemble Kikuchi line patterns it should

be noticed that their origin is different. They show
the variation in the integrated electron back-scattering
intensity as a function of the incident-beam direction,
a variation which corresponds to the angular depen-
dence of the anomalous absorption in the forward-
scattered Bragg beams. Geometrically, however, the
SACP look like Kikuchi patterns, and for this reason
they have sometimes been termed pseudo-Kikuchi
patterns.

A variety of intensity anomalies may be observed
in the channelling patterns such as line segments with
enhanced or diminished contrast near certain line
intersections, kinematically forbidden lines, or very
dark or bright regions near intersections between
several low-index lines. A typical effect is seen at the
intersection between the 315 and 135 lines in Fig. 1.
A magnification of this intersection is reproduced in
Fig. 2. Just inside the 135 band, defined as the area
between the 135 line and the parallel 135 line visible
in the lower right-hand corner of Fig. 1, the 315 line
deviates in contrast and position from the simple
two-beam prediction. The contrast is enhanced and
the line is moved inwards compared with the ordinary
two-beam position. Outside the 135 band the 315 line
appears with almost vanishing contrast. The same
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description holds for the 135 line, i.e. the 135 line is
diminished outside and enhanced inside the 315 band.
At the intersection the two enhanced segments com-
bine to a curved line of hyperbolic shape. A similar
effect is seen near the position on the 440 line where
the 515 and 315 lines intersect. The two lines split at
the intersection point and the enhanced parts combine
to a continuous segment. Enhanced segments inside
the band of the coupled reflection are in fact observed
at every intersection between the (1—2n, 3+2n, 5)
lines, and the result is a smooth envelope. Several
examples of such envelopes are seen in Fig. 1, where
some of them are indicated by arrows.

A very special kind of envelope is the circle which
for special voltages is clearly observed around the
[111] zone axis. The line segments which constitute
this circle result from incident beam directions where
reciprocal-lattice points in the first-order Laue zone
(FOLZ) below the equator layer fulfil the Bragg con-
dition. The lines originating from the first upper layer
are seen within the bright central area near the zone
axis in Fig. 3. Similar types of FOLZ rings are
frequently observed in convergent-beam patterns
(Jones, Rackham & Steeds, 1977). The zone-axis
channelling lines in Fig. 3 are the absorption analogue
to the convergent-beam case when both direct-beam
zone-axis lines and the corresponding FOLZ ring are
observed.

For comparison with the non-systematic cases and
to illustrate an additional diffraction effect a diagram
showing the 111 systematic lines near the [211] zone
in Ge is included, Fig. 4. The lines forming the 111
band edges are hardly discernible. In accordance with
previous observations in Si (Spencer, Humphreys &

Fig. 1. SACP near the [111] zone in Si. 40kV. Arrows show
envelopes and FOLZ lines.

Fig. 2. Typical envelope in Si. 40 kV. Positions corresponding to
calculations are encircled.
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Hirsch, 1972) only a diffuse intensity maximum is
seen. The 222 line contrast, however, is very strong
although this reflection is forbidden in the diamond
structure. In addition to the contrast anomalies at the
ordinary line positions a dark line is observed in the
middle of the 111 band. This line is extraordinary in
the sense that it appears at a position which does not
correspond to a two-beam Bragg condition.

Theory

Due to the complexity of the problem all the existing
theoretical models necessarily have their weaknesses
when applied to explain details in the observed pat-
terns. But qualitatively, however, the agreement has
so far been good. The calculations in the present work
are based on the intensity expressions of Spencer,
Humphreys & Hirsch (1972). From an interpretation
point of view this description has been found to be
the most suitable one although more complicated
recent expressions are quantitatively better. If one
concentrates on the many-beam diffraction aspects
of the problem, this fact has been found to be of
minor importance in the present studies.

To isolate the dominating intensity-determining
parameters as few beams as possible have been used
in the particular calculations reproduced below. For
qualitative comparisons between theory and experi-
ments three or four beams have proved to be sufficient
in most cases.

The theory is based on a description of the fast
electrons inside the crystal as a superposition of Bloch
waves and each Bloch wave j is considered to back-

Fig. 3. Zone-axis FOLZ lines in Si. 22 kV.

MANY-BEAM EFFECTS AND PHASE INFORMATION

scatter independently. The main mechanism respon-
sible for the back scattering is assumed to be phonon
scattering.

For a perfect crystal with thickness ¢ the total
back-scattered intensity, summed over all Bloch
waves, is, at the crystal entrance surface (z =0), given
by

Ip(0)=(1+p°) {p°t+ ¥ P(O)[(p’ - p°)/ ']
g
x[1—exp (—u't)]} (1)

where u’ is the intensity absorption coefficient for
the jth Bloch wave. For near-normal incidence,
I(0)=|C{|’. The back-scattering coefficients p’ are
calculated from the phonon scattering theory of Hall
& Hirsch (1965), ie

m [ e*mZr?]? .
p1=ﬂ—1€[ ] g;cg b oexp (=M, _,)

47T€()h2

XZexp[i{h—g) .r;] (2)
and
p’=%p'/n 3)

n is here the number of Bloch waves, {2 is the atomic
volume, N, is the number of atoms in the unit cell

Fig.4. 111 systematic lines in Ge showing line in the middle of
the band. 40 kV.
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and Z is the atomic number. r; is the position of the
ith atom in the unit cell while ¢, m and A are the
charge, mass and wavelength of the electron, respec-
tively. h is Planck’s constant, exp (—M,_,) is the
Debye-Waller factor for the reflection (h—g) and C;,
and C}, are components of the Bloch wave eigen-
vectors.

The eigenvectors and the corresponding
Anpassungen v defining the dispersion surface are
found from the fundamental equation of standard
many-beam electron diffraction theory (e.g. Hum-
phreys, 1979). Further, the Bloch wave intensity
absorption coefficients u’ are calculated from the
perturbation theory expression:

k' = U+ Yy Uy, CLCh.

g#h

(4)

Here k is the wavevector and Uj,_, a Fourier
coefficient of the imaginary part of the crystal poten-
tial. The real and imaginary parts of the potential have
been taken from Radi (1970) and Doyle & Turner
(1968).

The above intensity expression, however, is
inadequate for bulk crystals, since Iy(0)>1 as 1> oo,
This problem is evaded theoretically by introducing
a cut-off thickness ¢, which represents the maximum
depth to which an electron can penetrate before being
back-scattered and re-emerging from the top surface
of the crystal. We have chosen ¢, to be 0:4Rg, where
the Bethe range Rj is taken from Everhart & Hoff
(1971).

A modified version of (1), which is based on (2)
and thus valid only for simple monatomic structures,
has been suggested by Schulson (1971). Generalizing
to structures with different types of atoms, however,
a position-dependent atomic number Z? and Debye-
Waller factor should be included in the sum over i
in (2). The result is a structure-factor-like term which
typically may be taken to vary as U,_, or U},_, with
the reciprocal vectors. With the latter choice the
double sum in (2) becomes equal to (4). Although it
may be quantitatively inaccurate such an approxima-
tion is believed to take care of the typical variations
in p’ with the diffraction condition. The following
expression is obtained (a and b are positive constants
and Ap’ = p’ — po):

Is~a+bY|CiP A, ®)

J

This equation couples in a simple way the back-
scattering intensity to two well known factors, i.e. the
Bloch wave excitation coefficients and the accom-
panying anomalous absorption parameters. Equation
(5) is thus well suited for interpretational purposes.
For the special case of two beams we obtain an
expression which has the same angular variation as
the equation given by Schulson (1971).
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Calculations and discussion
The non-systematic three-beam case

The line patterns for the non-systematic cases to
be discussed are the ones encircled in Fig. 2. A sche-
matic diagram of the beam geometry and the lines of
interest are shown in Figs. 5(a) and (b), respectively.
In order to simulate the line pattern in the middle of
the 220 band qualitatively, only the 135 and 315 beams
have to be taken into account. T(x, ¥) in Fig. 5(a) is
the projected centre of the Ewald sphere for this
three-beam case where x =y =0 when 135 and 315
simultaneously fulfil the Bragg condition. The smaller
circle in the figure is the intersection between the
Ewald sphere and the reciprocal plane in this case.

The dynamical equations are solved for a set of
diffraction conditions T(x, y) near the common Bragg
condition. For each diffraction condition the excita-
tion errors, s,, are found from the coordinates of the
vector T from x=y =0 to the point (x, y) and the
reciprocal vectors of the different refiections, viz

ks,=T.g. (6)

The calculated result for the intensity near the 315,
135 line crossing is shown in Fig. 6(a), where a
common background is subtracted. Qualitatively the
calculations in Fig. 6(a) are in agreement with all the
essential features in the observed line contrast in Fig.
2. The two lines involved appear both with enhanced
contrast inside (lower hyperbola) and diminished
contrast outside the band of the coupled reflection.

230 000

430 220 320 440

(b)

Fig.5. (a) Beam geometry with projected centre of Ewald sphere,
T(x, y). (b) Lines referred to in calculations for Si.
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They are further displaced from their ordinary two-
beam positions near the line crossing, forming an
enhanced curved segment. This line displacement is
asymptotically approaching the two-beam position
with increasing distance from the line crossover in
accordance with the observations in Fig. 2. To inter-
pret these contrast changes, section a in Fig. 6(a),
corresponding to T(a, y), a <0, in Fig. 5, has been
selected for more detailed investigations. The disper-
sion surface and the corresponding variation in the
excitation coefficients are shown in Figs. 7(a) and
(b) where the deviation parameter, y, and the excita-
tion error, s,, are negative inside the band, i.e. in the
lower part of Fig. 6. In Fig. 7(a) the dashed lines
indicate the spheres around the reciprocal points, and
the vertical heavy lines show by their position and
length the two-beam position and gap width, respec-
tively.

The three-beam gaps in Fig. 7(a) are displaced in
opposite directions resulting in a larger intergap dis-
tance. Further, the gap at y <0 (135 line) is enhanced
and the other one (315 line) diminished with respect
to the two-beam value. These differences are reflected
in the excitation coefficients, Fig. 7(b). As expected,
the branch nearest to the O sphere is the most strongly
excited one, and it should be noticed that the position

(a)

;;;"'\

(b) &

3is

Fig. 6. Calculated 315, 135 three-beam contrast. (a) ¥ =0, (b)
=

MANY-BEAM EFFECTS AND PHASE INFORMATION

where the strong excitation changes from one branch
to another is always associated with the many-beam
gap position. Further, the width of the area where
large changes in branch excitation take place is largest
near the largest gap. The variations in |CJ|* shown in
Fig. 7(b) are typical for all the examples discussed
below as well.

The calculated variations in p’ and p’ with y are
reproduced in Figs. 8(a) and (b). As expected from
the discussion above, p’ and u’ are seen to have a
similar type of variation with the diffraction condi-
tion, and the relative variation in p’ is generally found
to be small compared with the relative variation in
p’. This similarity in the variations of p’ and u’ is
found to be typical for the cases studied in the present
work.

The profile a in Fig. 6 may now be fully understood
from (5) [or (1)]. Inside the 135 band the line contrast
is dominated by the branch-1 contribution as both
|Cy|* and Au' (or Ap") are simultaneously non-negli-
gible and positive. The intensity increases to a
maximum essentially due to the increase in Ap' with
decreasing distance from the gap. If y is increased
further the branch-2 contribution takes over, giving

s s
@ . L " S
‘- A |
2ky!
(A7)
0+
-4 4
(b)
" @
0-8
lcsf

04 -

“Gl-ll ' 10_ ' n’...
v(A7)
Fig. 7. 315, 135 three-beam case, section a. ¢ =0. (a) Calculated

dispersion surface as function of the deviation parameter y. (b)
Calculated excitation coefficients.
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a contrast which first decreases and then increases
again towards the 315 gap. This variation follows the
Au? (or Ap?) variation. Close to the 315 gap a similar
change takes place with increasing y now between
the branches 2 and 3. Here, however, the gap is
smaller and all the effects are thus less pronounced.
This discussion thus clearly demonstrates that the
effects observed may profitably be associated with the
dispersion surface gaps which both through their
position and width determine the line position and
contrast. It should also be noted that the gap and the
contrast in this case are diminished when the excita-
tion error of the coupled reflection is positive.

A hypothetical three-beam case

" As for all three-beam cases in Si the product
between the Fourier potentials involved is positive,
i.e.

P=U_yU,U,_,>0. (7)

After introduction of the phases ¢, of U, etc. the
corresponding three-phase invariant

U=¢_ntestong (8)
@) W . ; . \ .
)
0-2 -
p'x10®
(A7) | I
014 po L
@
T @ i
04 -
—0'4 ' '0 ‘ 0'4
y(A™)
(b) 1 L 1 1 1
ntx10?
(A™)

0-24 4
|

y (A7}

Fig. 8. 315, 135 three-beani case, section a. ¢ =0. (@) Calculated
back-scattering coefficients. (b) Calculated absorption par-
ameters.
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is always zero for Si. But as an example of another
centrosymmetric case the product P may hypotheti-
cally be taken to be negative through a sign shift in
one of the Fourier potentials. The calculated line
contrast for ¢y =7 or P<0 is shown in Fig. 6(b).
When compared with Fig. 6(a) clear differences are
observed. The two lines now appear with diminished
contrast inside and enhanced contrast outside the
band of the coupled reflection, and the enhanced line
segments again combine to form an enhanced curved
line, but in this case outside the band. A cut through
the dispersion surface at a in Fig. 6(b) is presented
in Fig. 9. This_section corresponds to section a in
Fig. 6(a). The 135 line is in this case associated with
the smaller gap. The contrast follows from the narrow
angular variation of the excitation coefficients and
the corresponding small relative variations in the
back-scattering coefficients. On the other hand, the
enhanced 315 line contrast outside the band may be
ascribed to the width of the larger gap at this position.

The channelling envelope

The calculations above clearly demonstrate the
origin of the (1~2n, 3+2n, 5) and similar types of
envelopes in Fig. 1. They may basically be ascribed
to the three-beam effects near each intersection and
result when the enhanced segments at neighbouring
intersections combine to form a smooth curve. The
ordinary channelling envelopes therefore only appear
when =0 (P>0). When ¢ =7 (P<0) the line
segments outside the bands are enhanced, resulting
in a wave-like figure which could be termed an inver-
ted channelling envelope.

Similar types of envelopes are well known in
Kikuchi patterns. In a simple model the envelopes
observed from relatively thin crystals may here be
ascribed to factors of the type |C4|* (deficient) and
| CLC%? (excess). Like the factors in (5) both of these
have angular half widths which follow the dispersion-
surface gap width. This is the reason why the vari-
ations in the contrast with the angular deviation par-
ameters are so similar in the Kikuchi and channelling
many-beam cases.

Comparison may be even more interesting with
Kikuchi patterns from thick crystals. Here the
Kikuchi band contrast is typically given by
|Ch? exp (—u’f) (e.g. Hgier, 1973). Comparison with
(5) therefore illustrates the complementarity between
the two methods, At the band edge the large Au' of
the Bloch wave 1 results in a large exponential absorp-
tion term and a minimum intensity inside the Kikuchi
band. Immediately outside the band the negative Au’
leads to a maximum, (5) gives the opposite variation.
This complementarity is also ¢xpected intuitively, i.e.
when the forward transmission is high the back-
scattering is low and vice versa,
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Contrast determining parameters

The essential parameters for the contrast in one
line, h, are the value of the three-phase invariant
¢ (or the product P) and the excitation error of
the simultaneously excited beam, s,, ie. I(y,s,).
Dependences of the diffracted intensity on these par-
ameters have also been discussed in transmission
electron diffraction (e.g. Shinohara, 1932; Kambe,
1957; Gjgnnes & Hgier, 1969, 1971) and in the X-ray
case (e.g. Post, 1979; Hgier & Marthinsen, 1983;
Chang, 1984; Juretschke, 1984). It has in particular
been shown for the three-beam case (Gjgnnes &
Hpier, 1971) that a zero gap width may generally be
found with centrosymmetric crystals for the following
excitation errors (¢ =0 or 7):

- | Usl(l Us—hlz = l Uhiz)

2ks, =
" |Unl|Ug-p| cos ¢ )
ks _ Ul Ug—nl* =1 U
h — .
| Ul | Ug—s| cos &

These equations determine the position of zero gap
and may hence be utilized in the channelling case to
locate the position of minimum or zero line contrast.
From Fig. 6 the coupling U, is a factor of five larger
than U,. U, and U, are equal and ¢ =0 in Fig. 6(a)
and ¢ = 7 in Fig. 6(b). The position of the zero gap
width is obtained from (9) which gives s, = s,. This
corresponds to the central point of the diminished
hyperbola in Fig. 6 where the contrast is seen to be
very low. A similar effect may be seen on the low-
contrast hyperbola in Fig. 10(b). Uz, is the smallest
factor in this case and the zero contrast position on
this line is found outside the 315 band when =0
and inside when ¢ = 7 in accordance with (9).

As is evident from Fig. 1 a very large number of
three-beam interactions may easily be observed in a
single print. A very large number of phase invariants
may hence unambiguously be determined experi-

s s

Va

2ky’
(A7)

y(A™)

Fig.9. Calculated dispersion surface for the 315, 135 three-beam
case, section a. ¢ = m.
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mentally. In view of the standard phase problem in
diffraction experiments such a starting set of known
phase sums should be of great value when combined
with results from other structure determination
methods.

It also seems clear that the enhanced and dimin-
ished line contrast may profitably be interpreted in
terms of an effective gap width determined by an
effective Fourier coefficient, U}", being smaller or
larger than the corresponding two-beam value. Such
effective values may be found in many-beam solvable
cases or by use of approximation methods like the
second Bethe approximation. Utilizing the latter

1311

(a)

iis

oA
515\

(b)

3is

Fig. 10. Calculated contrast. (a) Four beams. ¢ = 0 for dominating
interaction. (b) Three beams. ¥ =0. (¢) Four beams. ¢ = m.
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approach the following solution for U in cen-
trosymmetric crystals is found:

| Ul | Un—gl
TUks, f,h|2ks: cos (p_nt ezt @n_g) |-
(10)

When ¢ =0, US" is therefore smaller than U, outside
the band of the coupled reflection, i.e. when s, >0,
in accord with the exact solution (9). In addition (10)
shows that the effects are strongest in the weakest
beam, and that the effect increases with increasing
Fourier coefficients of the coupled and the coupling
reflections.

U7F=U,,[1—

A four-beam non-systematic case

__The beam geometry of the four-beam case, i.e. 000,
315, 515, 440, corresponds to the larger circle in the
schematic drawing in Fig. 5. The calculated line con-
trast is shown in Fig. 10(a). A comparison with the
observed line contrast in Fig. 2 shows good agreement
with respect to all the essential features in this figure.
A section a’ through the dispersion surface [see Flg
5 and Flg 10(a)] parallel to the 440 line position is
shown in Fig. 11. The angular variation of p’ and the
dependence on the gap width is in principle the same
in this case as with three beams. The 315 and 515 line
contrast are coupled to the two gaps positioned near
the intersection between the spheres around the
reciprocal-lattice points 315 and 515 and the O
sphere, i.e. the two upper gaps in Fig. 11. In addition
to the displacement from their two-beam position,
which is responsible for the splitting of the two lines,
the gaps deviate strongly from the two-beam values
resulting in an enhanced 315 contrast and a dimin-
ished 515 contrast for these diffraction conditions.
The main contrast variations in this four-beam
interaction are governed by the 315, 515 three-beam
interaction for diffraction conditions not too close to
the four-beam condition. This is seen from Fig. 10(b)

2ky’
(A7)

y (A7)

Fig. 11. Calculated dlspersmn surface for 315, 515, 440 four-beam
case, section a'. ¢ =0 for dominating interaction.
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where a three-beam calculation has been performed
for the same diffraction conditions as in Fig. 10(a),
but 440 is now omitted. The enhanced segments com-
bine to form a part of the ordinary envelope con-
stituted by the (1—2n, 3+2n, 5) lines (¢ =0).

The effect of theoretically reversing the sign of the
product between the Fourier potentials involved, i.e.
putting ¢ =, is similar to that observed in Fig. 6.
The line segments corresponding to the ordinary
envelope are reduced in contrast and strongly
enhanced segments will appear outside the band of
the coupled reflection. Except for very close to the
four-beam condition these variations are not affected
by taking 440 into account, as is shown in Fig. 10(c).

The reason why the four-beam case is dominated
by the particular three-beam interaction discussed is
due to the relative values of the Fourier coefficients
involved. Since we have found that the contrast
anomalies in the different lines can be understood
from an effective dispersion surface gap width, the
conclusions from above may be applied in this case
as well. The effects are most pronounced in a weak
reflection, when strongly coupled to another not too
weak reflection as shown by (10). At least the first
condition, a strong coupling reflection, is fulfilled for
the 000, 315, 515 three-beam case where the coupling
is Usyo. The 515 line contrast is strongly influenced
both in position and amount by the 315 reflection via
the coupling 220 and vice versa. The 440line, however,
is weakly coupled to the other reflections involved,
thereby explaining the negligible influence of this
reflection on the contrast. The same explanations
apply at every intersection between two of the (1-2n,
3+2n 5) lines, a three-beam interaction dominates
and 220 is responsible for the coupling. Since all
the three-beam cases in Si have ¢ =0 (P> 0) a pro-
nounced envelope is thus formed inside these lines.

Inclusion of more than three or four beams in the
above calculations will only cause minor differences
in the calculated contrast, not altering the essential
features of the many-beam effects.

A systematic many-beam case

The calculated intensity half-profile for the 111
systematic lines in Ge is shown in Fig. 12(a) (11
beams). Comparing Fig. 12(a) with Fig. 4 we see that
the calculated line contrast is qualitatively in agree-
ment with the observed contrast details. The 111 band
edge appears with quite indistinct contrast, while the
kinematically forbidden second-order line is well
defined and relatively strong. In addition a clear
minimum in back-scattered intensity is found at the
symmetry position.

The very weak 111 line contrast may be understood
from the branch-1 and -2 contributions in Fig. 12.
While Au' (Ap') is found to be approximately con-
stant in this case, Au? (Ap?) varies more strongly with
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the diffraction condition. This variation in the two
important back-scattering coefficients combined with
the slow interchange between the branch-1 and -2
excitations accounts for the slowly varying intensity
changes near the 111 line position. In fact this is
consistent with two-beam considerations (5). The
maximum intensity inside the line position may,
according to such expressions, appear close to the
middle of the band, thus smearing out the contrast
of the band edge. Two-beam considerations cannot,
of course, be applied to the back-scattered intensity
minimum observed at the band centre which does not
correspond to an ordinary line position. This
minimum in Fig. 12 corresponds to the enhanced
branch-3 contribution at the symmetry position which
may be observed in standard transmission experi-
ments (e.g. Humphreys, 1979). The minimum is
associated with the dispersion surface gap between
branch 2 and 3 and may be ascribed to the branch-3
contribution. From Fig. 12(b) it is seen that, in addi-
tion to branch 1, branch 3 is quite strongly excited
at the band centre and the pronounced minimum in
branch-3 absorption parameter at this position causes
the minimum in I5.

(a) L 2 S
10-14 4 o
Iy X102
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08 o (@) 3
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@
T f v o
h 2h 3n

Fig. 12. 111 band in Ge. (a) Calculated contrast. (b) Calculated
excitation coefficients. 11 beams.
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The 222 line contrast, which from two-beam con-
siderations should be zero, can be ascribed to the
many-beam second-order gap. The contrast is due to
the difference in the back-scattering coefficients of
Bloch waves 2 and 3 which are the ones primarily
excited for this orientation. The appearance of this
line may also be explained from the Bethe approxima-
tion which gives a main term in the second-order gap
width equal to |U11]|2/k|511]|.

As in the non-systematic case, the contrast vari-
ations are therefore always found to be associated
with the widths and the positions of the gaps at the
dispersion surface. The gap displacement is, however,
small in the systematic case.
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